Supplementary Figure S 2 . The expanded view of the quare pyramidal polyhedrons comprise of oxygen atoms and Cu 2+ on the (101) plane. Each Cu 2+ is surrounded by five nearest-neighboring oxygen atoms, which constitutes a distorted pyramidal polyhedron. Four oxygen atoms reside at the vertices of the basal plaquette of the polyhedron, roughly on the same plane: two of these oxygen atoms belong to H 2 O molecules and the other two are from NO Note here that during the process of contracting thermal tensor networks, the tensor elements in MPO becomes larger and larger as temperature continues to cool down, and eventually diverges. Therefore, after each single substep of projecting ν tensors to MPO, one need to extract some renormalization factor κ from the MPO to avoid divergence, see more details in Ref. 1 upper layer lower layer 
SUPPLEMENTARY NOTE Supplementary Note 1. The Review of Copper Nitrate
We should note that there exist more than one kind of copper nitrate hydrates. Among others, the Cu(NO 3 ) 2 · 3H 2 O (copper nitrate trihydrate) has similar formulas and exactly the same X-ray diffraction pattern [2] , and thus is easy to be confused with CN hemipentahydrate studied here. We paid special attention to discriminate between these two similar hydrates, and according to thermogravimetric analysis [3, 4] , it is concluded that Cu(
Based on early experimental research on CN, including the measurements of magnetic susceptibility [5] and specific heat [6] , a binary cluster model for describing its magnetic properties was proposed: Cu 2+ having spin S = 1/2 are coupled in pair (with coupling strength 1 2 J/k B = 2.56 K) [5] , and the system thus comprises of independent spin binary clusters. In addition, people also perform proton magnetic resonance (PMR) experiments and confirm that the short-range antiferromagnetic order are within spin-pairs, thus supporting the dimer model. [7] Although the binary cluster model can capture some of the main features of spin-spin correlation in CN, discrepancy between this simple model and experimental measurements still remains. A weak interdimer exchange interaction (J 2 ) was then brought into the binary cluster model in Ref. 8 , which substantially improves the fitting to the isothermal magnetization curve. In addition, van Tol, et al., studied the magnetic phase transitions via PMR and uncovered a crossover to short-range magnetic order at 350 mK, as well as a critical transition to long-range order at 160 mK, under a magnetic field of 3.6 T, which can be understood only by introducing inter-dimer couplings in the model [9] . Besides the PMR data, this is also evidenced in the specific heat measurement, where the low temperature hump(peak) signals the crossover(transition) into short-(long-) range ordered state [10] [11] [12] , also suggesting the existence of weak inter-dimer couplings.
Early attempts to introduce inter-dimer interactions include two possible model structures: a ladder model (with dimers on the rungs) and an alternating chain model [13] . These two models both fit thermodynamic measurements of CN well since their corresponding thermal predictions are essentially equal [12, 14] . However, the discrimination between these two models was later done by the angular dependent PMR [15] , according to which one identifies the possible superexchange paths and thus rules out the ladder model. Since 1980s, the community has achieved an agreement that the microscopic model of CN is very well approximated by a dimerized spin chain (above the AF transition temperature). Even though, CN continues to be an intriguing model material and attracts a lot of research interest. For example, people has synthesized more copper(II)-based complexes [16] [17] [18] [19] , and focused on its exotic thermal properties around quantum critical points [20] [21] [22] . In addition, inelastic neutron scattering, as a powerful tool investigating magnetic properties, has been applied to probe the microscopic magnetic structures, magnetic ordering and excitation dispersion of CN [23] [24] [25] .
Supplementary Note 2. Novel 3D Heisenberg spin model
The AHAFC model can explain well most experimental observations of CN in a very wide range of temperatures (above a few hundreds of milikelvins). Nevertheless, ultra low temperature measurements of PMR [9] , adiabatic susceptibility [11] , and heat capacity [14] , uncovered a 3D phase transition at about 150 ∼ 160 mK, under magnetic fields between B c and B s . The existence of such a finite-temperature transition from magnetic disordered phase to 3D long-range ordered phase [21] is clearly beyond the 1D spin model given in Eq. (1)).
We mentioned that the ferromagnetic coupling J 3 whose magnitude is about 1/10 of J 2 [ Fig. S2 , Fig. 1(b) ], and thus plays the role of a weak inter-chain interaction. In addition, INS experiments reveal that there exist some other inter-chain interactions, namely, J m = 0.018(2) meV, between dimers and along [001] directions [ Fig. 1(d) ] [24] . These important facts are confirmed by our first-principles calculations, as Fig. 2 illustrates.
Put all these intra-and inter-chain interactions together, we arrive at a 3D Heisenberg spin model with Hamiltonian H 3D = H (101) + H CTC , which reads:
and Fig. 1(d) . Note that J j = J 2 and J k = J 3 on planes I and III, while J k = J 2 and J j = J 3 on planes II and IV. Equation (S2) represents the inter-layer couplings, J m is the dimer coupling, p is coordination vector of every localized spin site, and c has magnitude of lattice constant c = 15.8Å and is along [001] direction (there must be a spin site at p + c/2 according to CN structure shown in Fig. 1 ). Some additional remarks on 3D inter-chain couplings in Eq. (S2) are in order: Since there exist four kinds of 2D honeycomb planes [I to IV in Figs. 1(c,d) ] which are different from each other by lattice shifts (and reflection) operations about (010) plane, and the chains are arranged along different paths ([111] or [111]) on different planes, Eq. S2 thus describes a 3D coupled tilted chains (CTC) model. In this model, the dimers are coupled via J m when they are separated by c/2 along [001] direction in ac-plane. Therefore, the seemingly simple H CTC in Eq. (S2) actually represents a quite peculiar 3D inter-chain coupling model which looks bizarre while are actually feasible in the material CN. This 3D model has not been reported before as far as we know, neither has its properties been explored.
Supplementary Note 3. Thermal Tensor Networks and Linearized Tensor Renormalization Group Method
Employing the Trotter-Suzuki decomposition [26] , we obtain a 2D Thermal Tensor Networks (TTN) for the 1D Heisenberg chain, which consists of rank-four tensors ν σ1,σ2,σ3,σ4 = σ 1 , σ 2 | exp (−τ h i,j )|σ 3 , σ 4 [see Fig. S3 (d) ]. In order to calculate the thermodynamic properties, one needs to accurately contract the TTN, which, however, is a NP-hard problem and thus can not be solved exactly. Therefore, people has to resort to approximate methods for efficient contractions of TTN. Among others, renormalization group (RG) algorithms constitute an important class of approaches which are developed to accurately contract the TTN and calculate interested quantities including free energy per site, specific heat, magnetic susceptibility, entropy, and others.
As shown in Fig. S3 , the interconnected local tensors constitute a 2D checkerboard-style TTN, which subsequently can be regarded as repeated 1D vertical (T 1 , T 2 ) or horizontal (V 1 , V 2 ) stripes, i.e., transfer matrices, as shown in Figs. S3 (b,c) . The full contraction of TTN and consequently the calculations of thermal properties can be accomplished with the help of these transfer matrices. For instance, the vertical stripes T 1 , T 2 transfers the spin indices {σ i } between spatially different lattice sites and the partition function Z thus reads
, where L denotes the total length of the chain. In the thermodynamic limit the dominant eigenvalue λ max of transfer matrix T = T 1 T 2 determines the free energy per site f = 1 2β ln λ max and also other thermodynamic quantities.
In order to calculate the extreme eigenvalue (and corresponding eigenvector), in Ref. 27-29, Xiang and Wang utilized the density-matrix renormalization group (DMRG) method [30, 31] , originally developed for Hamiltonian system, to solve the transfer matrix problem. They perform RG process along the Trotter direction and truncate the accumulated {σ i } indices/states into a fixed number (M ) of renormalized states. Transfer matrix renormalization group (TMRG) can determine the thermodynamic properties with high precision, and has been established as the method of reference for 1D quantum lattice systems [32] [33] [34] .
Alternatively, efficient contractions of the 1+1D TTN can also be performed by making use of the horizontal transfer matrices V 1 , V 2 [see Fig. S3 (c) ]. Li et al. proposed a TTN algorithm dubbed as LTRG [1] , which projects continually the transfer matrix V 1 (2) to the density matrix of the system (in a form of matrix product operator, MPO). The linearized tensor renormalization group (LTRG) method can be used to accurately calculate the thermodynamics in 1D chains [1, 35] and applies also to higher dimensional lattices [1, 36] .
Besides the single-layer algorithm, we devise here a double-layer LTRG++ algorithm, as shown in Fig. S4 , for contracting the TTN. The main idea is as following: we contract the TTN into two (instead of one) MPOs (this is what "++" means). Figure  S4 (a) exploits a symmetric construction, where the upper and lower layers are contracted into two MPOs in exactly the same manner, saving one half of the projection time. Due to the checkerboard structure of TTN, each projection step comprises of two substeps, called the odd and even substeps. After n steps, one reaches the inverse temperature β = (2n + 2)τ . The free energy per site f (β) = lim N →∞ [− 1 N log(Z)] can now be calculated from the series of renormalization factors κ a and κ b , extracted at odd and even substeps, respectively. In addition, we also need to calculate the dominant eigenvalue λ max of transfer matrix consisted of T a , T b and their conjugates in Fig. S4(b) .
In Fig. S5 we compare numerically the accuracy of single-layer LTRG, TMRG and bilayer LTRG++ results for the exactly soluble XY spin chain model with Hamiltonian
. There are two kinds of error in these methods: for small β (high temperatures regime) Trotter error is dominant, while for large β (low temperature regime) truncation error takes the place. Note that two errors take opposite signs so they cancel each other at the cancelation point β s . The position of β s is controlled by the bond dimension D, and also heavily related to the specific truncation scheme adopted. Fig. S5 depicts that when the number of bond states D = 100, LTRG++ and TMRG have almost the same β s , much larger than that of LTRG; and when D is as large as 200, β s locates further than 120 in both LTRG++ and TMRG. When the cancelation point β s moves further along the horizontal axis, the accuracy of simulations improves generally (note that the total errors, mainly contributed by truncations, grow up very fast after the cancelation point, i.e, β > β s ).
Therefore, as seen from the Fig. S5 , bilayer LTRG++ has significant improvement compared to the single-layer LTRG, and bears practically the same accuracy as TMRG. This observation strongly supports our argument above that LTRG++ is in essence equivalent to TMRG.
In conclusion, the advantages of LTRG++ can be summarized in mainly two aspects: Firstly, LTRG++ further improves the accuracy (compared to LTRG), it is now practically of the same precision as TMRG, and can even save half of the projection time. Secondly, TTN approaches are very flexible, and can be designed to rewrite/recover the well-established TMRG, purification, and potentially other thermal RG methods. For instance, one can adopt a symmetric construction in LTRG++ such that two MPOs are (approximately) conjugate to each other, and recovers then the purification scheme [37] used in finite-temperature DMRG [38] . Moreover, the success of LTRG++ in 1D also encourages us to generalize it to higher dimensions. See more technical details and systematic discussions on LTRG++ in Y.-L. Dong, et al., arXiv:1612.01896 (2016).
